


with boundary value conditions
=0, «a -0 (z - ). (2.2)

Here ve =v¢(2z) is a piece-wise continuous function and zj are break points of the function v (z),

k = 17n , 1.e.,stratified medium is considered, where z, are layer coordinates. The layer with number of m
is found in z, 1 <z <zp, the last layer with number n+1 be found in z, <z <o . The source is found in

one of layers,i.e, z« #z,, k =1,n. Each layer is characterized by the transverse velocity V., and v, (z)

are step functions of the variable z .A point Z. satisfies the condition z,,4 <z« <z, , 0<m<n.

For handling, we introduce a notation

2
ré =u? +—|O2 :
VC

A real number v and a complex number p are parameters of the direct problem, v =0, p=-a+ia and
a=20, «=0.
Further we suppose that at break points z, there exist gluing conditions

20w | _ _
{vc EL =0, [d], =0. (2.3)

Concerning solution to the direct problem (2.1)-(2.3) we will suppose that the following additional
information is known

W,y =wp(p.v). (2.4)

Inverse problem: Determine the piece-wise function v, if additional information (2.4) on solution to the
direct problem (2.1)-(2.3) is known.

The statement of the inverse problem is a simplified version of inverse problems considered in paper [2]. The
inverse problem (2.1)-(2.4) is considered only to simplify the statement and illustration of results mentioned
and conslusions of the proposed method of numerical solution to one-dimensional inverse problem. It follows
from the papers that the parameter v is a parameter of the Fourier-Bessel transform  with respect to the

spatial variable r, on which the desired coefficient v.(z) does not depend, the parameter p =-a+ia is
a parameter of the Laplace transform with respect to time variable.

3. MAIN RELATIONS

We will present solution to the direct problem (2.1)-(2.4) «(z, p,v) in the following form

0)3 Ix <7 <o

3.1
Wy 0<z<1x ( )

w=w +w, Where w, = {



where wj(z, p,v) is a continuous part, @, (z, p,v) is a discontinuous part of solution to the inverse
problem (2.1)-(2.3).

We will demand the functions  wj(z, p,v) (j =134) to satisfy the following conditions

d o 0wj .
o, (6 =5, ~vérde; =0, j=134, 3.2)
(L)J -0 (Z — 00), J :1,3, (33)
0w;
{Vg a_zj:l o, o], =0 @4
Ik

Obviously, that every differential equation, boundary- value condition and gluing condition of the
function w;j(j =13,4) take place in the corresponding domain where these functions are determined.

We substitute the function «(z, p,v) introduced in the form (3.1) into (2.1). Using conditions (3.2)-
(3.4) and equating values for 0'(z —z«) and J(z —z«), we obtain the following equalities:

dws 0wy -G(p)
— - =0, CU3| - _0)4| -0 = (3.5)
0z 7=72.+0 0z 7=7.-0 25240 =270 Vc2

To solve ordinary second order differential equation (3.2) with piece-wise continuous coefficients we will use
a method well-proved and presented in [3]. We use the following change

vzaﬂzs-w- =134 (3.6)
C az Ihed J 19y .

In each layer the function S; satisfies the Riccati equation

Sj +_2:VC re, Zm-1 <Z<Zm, J 21,3,4. (3-7)
C

Here v, and r; are constants for all layers. For any layer we are looking for the solution of equation(3.7).
If we take S as a constant in equation (3.7), then the solutions

S, = vgrC , Sy, = —vczrc (3.8)

hold true.
For generalizing the solution,using the solution S; :vgrc , and transformation  S; =t+S; reduces to the

equation (3.7) to a Bernoulli equation in the dependent variable t and the independent variable z .
We can obtain that

£2
t'+2rt=-— (3.9)
2
VC
Using | =t the equation (3.9) transforms into the linear equation
I -2rl =~
VC

The solution of this linear equation is

2
S;=vlir, + el
Jy—rc’e 2, 2r.(z-2,)
2C vireeters mi —1

(3.10)

where C, is an arbitrary constant.



Now substituting the values z =z, and S;(z) = SE“ the solution (3.10) may be rewritten

57+ (re )27 + ST~ v |
[S;'n +(Vc2rc)m]ezr°(z_zm) _lSEn _(chrc)m]

$;(2)=(vZr)m (3.12)

Rer, >0, j =134

The index m means that values of the piece-wise continuous functions are taken in the layer m (see[3]).

If you could see,this solution is rather cumbersome. It is not easy to find the numerical values of the
solution(3.11). In our approach we are intending to simplify (3.11) given by [3], such a way that numerical
calculations would be obtainable in the sense of numerical analysis.

We now consider the method of undetermined coefficients for obtaining the solution of S (z). Assume a

series solution ,
S(2) =cg +Cy(z—20) +C5(2—29)? +c3(z—20)3 +c4(z—20)* +..= Tep(z-20)" (3.12)
n=0

of the problem consisting of the equation(3.7) with initial condition S .For easiness indexes are omitted.

For simplifying in equation (3.7) we take as

a=v02r02, ,8=i2. (3.13)
VC
Thus this equation takes the form
L X (3.14)
dz

In order to satisfy the initial condition Sg, we must have ¢y =S; and hence the series (3.12) takes the
form

S =S +01(2-29) +Cp(2-20)% +C3(2=29)° +¢4(z-20)* +5(2-20)° +... (3.15)
Differentiating (3.15) we obtain
2—? =0 +2¢5(z—29) +3c3(z - 20)2 +4cy(z - 20)3 +5¢C5(z - 20)4 +6cg(z - 20)5... (3.16)
From the equation (3.14) we have

f(z2,8) = a- /&2 (3.17)
In order to apply the series we assume that  f(z,S) inequation (3.14) is representable in the form

a-B5%=(a-B5§)-2B50(S-So) - B(S—Sp)? . (3.18)

The coefficients in (3.18) may be found by Taylor’s formula for functions of two variables. Thus the equation
(3.14) takes the form

= (@ 8)~2650(5 ~50) - A(S ~So)?, (3.19)

From equation (3.15)



S ~Sg =¢y(2-20) +Cp(2~29)% +C3(z = 29)° +Cq(2-20)* +C5(2-29)° +.. (3.20)
Now substituting (3.16) and (3.20) into the equation (3.19), we obtain

Cp + 25 (2 = 29) +3¢3(2 — 29)® +4c4 (2~ 29)* +505 (2~ 29)* +6C6(2 - 29)°... = (a - 55§)
=280] c1(z-20) +¢p(2-29) +¢3(z-29)° +Ca(z-29)" +05(2-29)° +. ]

-8l (cr(z—29)+ca(z-29)? +c3(z2—29) +c4(2-20)* +5(2-20)° +..)% |. (3.21)

Performing the indicated multiplications and collecting the powers of like term we see that it takes the form

G +2C5 (2 = 29) +3¢3(2 ~ 29)® +4c4 (2 - 29)° +5¢5 (2~ 29)* +6¢6(2 - 29)°... = (@~ 55§)

—2f80[ c1(z-129) +Cp(z2-129)% +c3(z2-29)% +Ca(z-20)" +c5(2-20)° +... ]
—Bl (f (2-20)% + 20165 (2~ 20)% + 261032 — 20)* +¢5 (2= 20)* + 20104 (2 - 20)°
+2C,¢5(2 - 20)° +... |. (3.22)

Equating the coefficients of the like powers of (z—zy) in both members of (3.22) ,we obtain the system of
equations;

c =a- 4
2c) ==2[5¢0;
303 = —2/8¢¢; - it
dcy =-250C3 —2/%1C)
5cs = —2/850C4 — 23103 — (3.23)
6Ce = —280C5 —2/%1Cq —2/%2C3

From (3.23),we obtain successively

c =a -4
Cy =B (a - 55)
s =L (a- 585 - )
B2 2 2
Cq = ‘?So(a‘ﬁso)(&ﬁso -2a)
2
Cs =/13—5(a - ) (2a% +15B82S5 -15a58) (3.24)
3
Ce = —%So(a - 38)A7a? +453°S§ - 60aB5¢8)

Substituting the coefficients so determined in (3.24) into the series (3.15), we obtain the desired series solution.
We thus find



S(2) =S +(a—ﬂs§)[(z —20) - Bo(z - 79)? +§(3ﬁ55 —a)(z-129)°

B 2 2 B, 2 204 2 5
—?80(3,@0 —Za)(Z—ZO) +E(2a +15,8 SO —150'BSO)(Z—20)

3
—%50(17012 +45B8%5§ - 600858 )(2 - 29)® +... | (3.25)

If we consider the series solution (3.25), as it stands, the initial solutions will reduce to the series into itself. This
is not required result.As it is seen, the condition a—,ésg must be nonzero in our case. To satisfy it, Sq is

takenas Sg = v3r which gives desired expansion, different than initial condition.

3 2.2

Therefore, we will take Sy =v~r as initial condition and taking a =v-r~, ﬁ=i2 in equation (3.25), we
v

obtain the series solution of the given equation in the form

2 3
S(2) =v3r +v2r2(1-v?)| (z-z9) - vr(z - zg)? +%(3V2 ~1)(z - 29)° —%(3V2 ~2)(z~120)*

4 5
+;—5(2 +15v2 (v2 —1))(z - 29)° —%(17 +15v2 (3% - 4)(z - 20)°... |.

Concluding Remarks:

In this paper, we have given the series solution of one-dimensional coefficient inverse problem by the method of
undetermined coefficient. It is seen that the derivation is very simple and is applicable for any numerical
evaluation comparing to[3]. Because the solution given in[3] also requires some approximations for the
numerical evaluation which needs some extra calculations. In our case, although the numerical solution may
include some error due to taking few terms of the expansion, but simplifies the computer time a lot.
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BiR BOYUTLU KATSAYI TERS PROBLEMININ SERi COZUMU UZERINE

OZET



Bu makalede; rezidii fonksiyonelini minimize etmeye indirgenmis bir boyutlu katsay: ters probleminin hesab icin analitik ve
seri ¢dzumdii verilmistir. Bu tlir problemler katli dalgali jeofizik i¢in 6nemlidir.



