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1 Introduction

We investigate the existence of positive solutions for the boundary value problems

of a second order difference equation of the form


−∆[p(n− 1)∆y(n− 1)] + q(n)y(n) = f(n, y(n)), n ∈ [a, b],

αy(a− 1)− βy[∆](a− 1) = 0,

γy(b) + δy[∆](b) = 0,

(1.1)

where a, b (b > a + 1) are integers and [a, b] denote the discrete set {a, a + 1, ..., b}.
As usual, ∆ denotes the forward difference operator and the quasi ∆ - derivative of

y(n) defined by

y[∆](n) = p(n)∆y(n).

We will assume that the following conditions are satisfied.

(H1) p(n) > 0, q(n) ≥ 0.
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(H2) α, β, γ, δ ≥ 0, α + β > 0, γ + δ > 0;

if q(n) ≡ 0 (a ≤ n ≤ b), then α+ γ > 0.

(H3) f : [a, b]×R → R is continuous with respect to y and f(n, y) ≥ 0 for

y ∈ R+, where R+ denotes the set of nonnegative real numbers.

In this paper, we shall use a fixed point index theorem in cones to investigate the

existence of positive solutions to BVP (1.1).

2 Main Theorems

Denote by ϕ(n) and ψ(n) the solutions of the corresponding homogeneous equation

−4[p(n− 1)4y(n− 1)] + q(n)y(n) = 0, n ∈ [a, b], (2.1)

under the initial conditions

ϕ(a− 1) = β, ϕ[4](a− 1) = α; (2.2)

ψ(b) = δ, ψ[4](b) = −γ. (2.3)

Define the number D by

D := αψ(a− 1)− βψ[4](a− 1) = γϕ(b) + δϕ[4](b). (2.4)

Using the initial conditions (2.2) and (2.3), we can deduce from equation (2.1) for

ϕ(n) and ψ(n) the following equations:

ϕ(n) = β + α
n−1∑

k=a−1

1

p(k)
+

n−1∑
τ=a

[
n−1∑
k=τ

1

p(k)

]
q(τ)ϕ(τ). (2.5)

ψ(n) = δ + γ
b−1∑
k=n

1

p(k)
+

b∑
τ=n+1

[
τ−1∑
k=n

1

p(k)

]
q(τ)ψ(τ). (2.6)

(See [1].) Let G(n, s) be the Green’s function for the boundary value problem


−∆[p(n− 1)∆y(n− 1)] + q(n)y(n) = 0, n ∈ [a, b],

αy(a− 1)− βy[∆](a− 1) = 0,

γy(b) + δy[∆](b) = 0,

is given by



G(n, s) =
1

D


ϕ(n)ψ(s), a− 1 ≤ n ≤ s ≤ b+ 1,

ϕ(s)ψ(n), a− 1 ≤ s ≤ n ≤ b+ 1

(2.7)

where ϕ(n) and ψ(n) are given in (2.5) and (2.6), respectively, and it is obvious from

(H2) that D > 0 holds.

Suppose that y(n) is a solution of the BVP (1.1), then it could be expressed as

y(n) =
b∑

s=a

G(n, s)f(s, y(s)), a ≤ n ≤ b. (2.8)

Furthermore, a solution y(n) of (1.1) is called a positive solution if y(n) > 0 for

n ∈ [a, b].

Lemma 2.1 ( See [1].) Assume that condition (H2) is satisfied. Then :

(i) 0 ≤ G(n, s) ≤ G(s, s) for n, s ∈ [a− 1, b] ;

(ii) G(n, s) ≥ σG(s, s) for n ∈ [a, b− 1] and s ∈ [a− 1, b],

where

σ = min{I1, I2} (2.9)

in which

I1 =

{
β +

α

p(a− 1)

} β + α
b−1∑

k=a−1

1

p(k)
+

b−1∑
τ=a

[
b−1∑
k=τ

1

p(k)

]
q(τ)ϕ(τ)


−1

,

I2 =

{
δ +

γ + δq(b)

p(b− 1)

} δ + γ
b−1∑

k=a−1

1

p(k)
+

b∑
τ=a

 τ−1∑
k=a−1

1

p(k)

 q(τ)ψ(τ)


−1

.

Note that the number σ defined by (2.9) satisfies the inequalities 0 < σ < 1.

Lemma 2.2 (See [2,3,4,5].) Assume that B is a Banach space, and K ⊂ B is a cone

in B. Let Kp = {y ∈ K : ‖y‖ < p}. Furthermore, assume that Φ : K → K is a

compact map and Φy 6= y for y ∈ ∂Kp = {y ∈ K : ‖y‖ = p}. Then one has the

following conclusions:

1. If ‖y‖ ≤ ‖Φy‖ for y ∈ ∂Kp, then i(Φ,Kp,K) = 0;

2. If ‖y‖ ≥ ‖Φy‖ for y ∈ ∂Kp, then i(Φ,Kp,K) = 1.



Let K be a cone in the b − a + 1 dimensional real Banach space B of real-valued

functions y(n) defined on [a, b] by

K = {y ∈ B : min
a≤n≤b−1

y(n) ≥ σ‖y‖},

where ‖y‖ := max
a≤n≤b

|y(n)| and σ is defined by (2.9).

Define an operator Φ : K → K by

(Φy)(n) =
b∑

s=a

G(n, s)f(s, y(s)), a ≤ n ≤ b (2.10)

Lemma 2.3 Φ(K) ⊂ K.

Proof. It follows from the definition of K and Lemma 2.1 that

min
a≤n≤b−1

(φy)(n) = min
a≤n≤b−1

b∑
s=a

G(n, s)f(s, y(s))

≥ σ
b∑

s=a

G(s, s)f(s, y(s))

≥ σ max
a≤n≤b

b∑
s=a

G(n, s)f(s, y(s))

= σ‖Φy‖,

which implies Φ(K) ⊂ K.

Lemma 2.4 Φ : K → K is completely continuous.

Lemma 2.5 If

lim
v→0+

f(n, v)

v
= ∞ and lim

v→+∞

f(n, v)

v
= ∞, (2.11)

for all n ∈ [a, b], then there exist 0 < r0 < R0 < ∞ such that i(Φ,Kr,K) = 0 for

0 < r ≤ r0 and i(Φ,KR,K) = 0 for R ≥ R0.

Proof. Choose M > 0 such that

σ2M
b−1∑
s=a

G(s, s) > 1. (2.12)

By using the first equality of (2.11) we can choose r0 > 0 such that



f(n, v) ≥Mv, 0 ≤ v ≤ r0,

If u ∈ ∂Kr (0 < r ≤ r0), then for n0 ∈ [a, b− 1], we obtain

(Φy)(n0) =
b∑

s=a

G(n0, s)f(s, y(s))

≥ σ
b−1∑
s=a

G(s, s)f(s, y(s))

≥ σM
b−1∑
s=a

G(s, s)y(s)

≥ σ2‖y‖M
b−1∑
s=a

G(s, s)

> ‖y‖.

This leads to

‖Φy‖ > ‖y‖, ∀y ∈ ∂Kr.

Thus we have from Lemma 2.2 i(Φ,Kr,K) = 0, for 0 < r ≤ r0. On the other hand,

the second equality of (2.11) implies that for every M > 0, there is an R0 > r0 such

that

f(n, v) ≥Mv, v ≥ σR0; (2.13)

here we choose M > 0 satisfying (2.12). For y ∈ ∂KR, R ≥ R0, we have from the

definition of KR that

y(n) ≥ σ‖y‖ = σR, n ∈ [a, b− 1].

Thus we have from (2.13) that

(Φy)(n0) =
b∑

s=a

G(n0, s)f(s, y(s))

≥ σ
b−1∑
s=a

G(s, s)f(s, y(s))

≥ σ2MR
b−1∑
s=a

G(s, s)



> R = ‖y‖,

which leads to

‖Φy‖ > ‖y‖, ∀y ∈ ∂KR.

Thus i(Φ,KR,K) = 0 for R ≥ R0. The proof is completed.

In the next theorem we will also assume the following condition on f(n, v).

(H4) lim
v→0+

inf min
n∈[a,b]

f(n, v)

v
> kλ1, lim

v→+∞
sup max

n∈[a,b]

f(n, v)

v
< qλ1;

where k > 0 is large enough such that

kσ
b−1∑
s=a

φ1(n) ≥
b∑

n=a

φ1(n),

and q > 0 is small enough such that

σ
b−1∑
n=a

φ1(n) ≥ q
b∑

n=a

φ1(n);

where φ1(n) ( φ1(n) > 0, n ∈ [a, b]) is the eigenfunction related to the smallest

eigenvalue λ1 (λ1 > 0) of the eigenvalue problem

−∆[p(n− 1)∆φ1(n− 1)] + q(n)φ1(n) = λφ1(n),

αφ1(a− 1)− βφ
[∆]
1 (a− 1) = 0, γφ1(b) + δφ

[∆]
1 (b) = 0.

Theorem 2.1 Assume that conditions (H1)-(H4) are satisfied. Then the BVP (1.1)

has at least one positive solution.

Proof. Fix 0 < m < 1 < m1 and let f1(y) = ym + ym1 for y ≥ 0. Then f1(y) satisfies

(2.11). Define Φ1 : K → K by

(Φ1y)(n) =
b∑

s=a

G(n, s)f1(y(s)), a ≤ n ≤ b (2.14)

Then by using Lemma 2.5, we conclude that there exist 0 < r0 < R0 <∞, such that

0 < r ≤ r0 implies i(Φ1,Kr,K) = 0, (2.15)

and



R ≥ R0 implies i(Φ1,KR,K) = 0. (2.16)

Define H : [0, 1] × K → K by H(t, y) = (1 − t)Φy + tΦ1y, then H is a completely

continuous operator. By the first inequality in (H4) and the definition of f1, there

are ε > 0 and 0 < r1 ≤ r0 such that

f(n, y) ≥ (kλ1 + ε)y, ∀n ∈ [a, b], 0 ≤ y ≤ r1, (2.17)

f1(y) ≥ (kλ1 + ε)y, ∀ 0 ≤ y ≤ r1.

We now prove that H(t, y) 6= y for all t ∈ [0, 1] and y ∈ ∂Kr1 . In fact if there exists

t0 ∈ [0, 1] and y1 ∈ ∂Kr1 such that H(t0, y1) = y1, then y1(n) satisfies the equation

−∆[p(n−1)∆y1(n−1)]+q(n)y1(n) = (1−t0)f(n, y1(n)+t0f1(y1(n)), a ≤ n ≤ b

and the boundary condition. Multiplying the last equation by φ1(n) and then sum-

ming it from a to b, using summation by parts in the left hand side two times, we

get that

λ1

b∑
n=a

φ1(n)y1(n) =
b∑

n=a

[(1− t0)f(n, y1(n)) + t0f1(y1(n))]φ1(n) (2.18)

≥
b−1∑
n=a

[(1− t0)f(n, y1(n)) + t0f1(y1(n))]φ1(n),

we obtain from (2.17) that

≥
b−1∑
n=a

[(1− t0)(kλ1 + ε)y1(n) + t0(kλ1 + ε)y1(n)]φ1(n)

= (λ1 +
ε

k
)k

b−1∑
n=a

φ1(n)y1(n)

≥ (λ1 +
ε

k
)kσ‖y1‖

b−1∑
n=a

φ1(n)

≥ (λ1 +
ε

k
)‖y1‖

b∑
n=a

φ1(n). (2.19)

We also have

λ1

b∑
n=a

φ1(n)y1(n) ≤ λ1‖y1‖
b∑

n=a

φ1(n). (2.20)



Which together with (2.19) leads to

λ1 ≥ λ1 +
ε

k
.

This is impossible. Thus H(t, y) 6= y for y ∈ ∂Kr1 and t ∈ [0, 1] . By (2.15) and the

homotopy invariance of the fixed point index (see [6] ), we get that

i(Φ,Kr1 ,K) = i(H(0, ·),Kr1 ,K)

= i(H(1, ·),Kr1 ,K)

= i(Φ1,Kr1 ,K)

= 0. (2.21)

On the other hand, according to the second inequality of (H4), there exist ε > 0 and

R′ > Ro such that

f(n, y) ≤ (qλ1 − ε)y, y > R′ and n ∈ [a, b].

Set

C = max
a≤n≤b,0≤y≤R′

|f(n, y)− (qλ1 − ε)y|+ 1, then we deduce that

f(n, y) ≤ (qλ1 − ε)y + C, y ≥ 0 and n ∈ [a, b]. (2.22)

Define H1 : [0, 1] × K → K by H1(t, y) = tΦy, then H1 is a completely continuous

operator.

We now prove that there exists R1 ≥ R′ such that H1(t, y) 6= y for any 0 ≤ t ≤ 1 and

y ∈ K, ‖y‖ ≥ R1. In fact, if 0 ≤ t0 ≤ 1 and y1 ∈ K satisfy H1(t0, y1) = y1, then

λ1

b∑
n=a

y1(n)φ1(n) ≤
b∑

n=a

f(n, y1(n))φ1(n)

≤ q(λ1 −
ε

q
)‖y1‖

b∑
n=a

φ1(n) + C
b∑

n=a

φ1(n), (2.23)

and

λ1

b∑
n=a

y1(n)φ1(n) ≥ λ1

b−1∑
n=a

y1(n)φ1(n)



≥ λ1σ‖y1‖
b−1∑
n=a

φ1(n)

≥ λ1q‖y1‖
b−1∑
n=a

φ1(n), (2.24)

Combining (2.23) with (2.24), we have

‖y1‖ ≤
C
ε

= R̃1.

Hence if

R1 = max{R′, R̃1}+ 1

then we have that

H1(t, y) 6= y for t ∈ [0, 1] , y ∈ K, ‖y‖ ≥ R1.

Therefore we have by the homotopy invariance of the fixed point index

i(Φ,KR1 ,K) = i(H1(1, ·),KR1 ,K)

= i(H1(0, ·),KR1 ,K)

= i(Θ,KR1 ,K)

= 1, (2.25)

where Θ is zero operator . Use (2.21) and (2.25) to conclude that

i(Φ,KR1\Kr1 ,K) = i(Φ,KR1 ,K)− i(Φ,Kr1 ,K) = 1− 0 = 1.

Therefore Φ has a fixed point in (KR1\Kr1).

(H5) lim
v→0+

sup max
n∈[a,b]

f(n, v)

v
< qλ1,

lim
v→+∞

inf min
n∈[a,b]

f(n, v)

v
> kλ1.

Theorem 2.2 Assume that conditions (H1)-(H3) and (H5) are satisfied. Then the

BVP (1.1) has at least one positive solution.



Proof. Define H1 : [0, 1] × K → K by H1(t, y) = tΦy, then H1 is a completely

continuous operator. By the first inequality in (H5), there exist ε > 0 and r1 :

0 < r1 ≤ r0 such that

f(n, v) ≤ (qλ1 − ε)v, ∀n ∈ [a, b], 0 ≤ v ≤ r1. (2.26)

We now prove that H1(t, y) 6= y for 0 ≤ t ≤ 1 and y ∈ ∂Kr1 . In fact, if there exists

0 ≤ t0 ≤ 1 and y1 ∈ ∂Kr1 , such that H1(t0, y1) = y1, then the y1(n) satisfy the

boundary condition.

−∆[p(n− 1)∆y1(n− 1)] + q(n)y1(n) = t0f(n, y1(n)), ∀n ∈ [a, b].

Multiplying the last equality by φ1(n) and summing from a to b, , we see that

λ1

b∑
n=a

y1(n)φ1(n) = t0
b∑

n=a

f(n, y1(n))φ1(n) (2.27)

≤
b∑

n=a

f(n, y1(n))φ1(n)

≤ (qλ1 − ε)‖y1‖
b∑

n=a

φ1(n), (2.28)

and

λ1

b∑
n=a

y1(n)φ1(n) ≥ λ1

b−1∑
n=a

y1(n)φ1(n)

≥ λ1σ‖y1‖
b−1∑
n=a

φ1(n)

≥ λ1q‖y1‖
b∑

n=a

φ1(n), (2.29)

which together with (2.28) lead to

λ1q ≤ λq1 − ε.

This is impossible. Using homotopy invariance of the fixed point index, we have that

i(Φ,Kr1 ,K) = i(H1(0, ·),Kr1 ,K)

= i(Θ,Kr1 ,K)



= 1. (2.30)

Define H : [0, 1] × K → K by H(t, y) = (1 − t)Φy + tΦ1y, then H is a completely

continuous operator. By the second inequality in (H5) and the definition of f1, there

exist ε > 0 and R′ > R0 such that

f(n, y) ≥ (kλ1 + ε)y, ∀n ∈ [a, b], y ≥ R′,

f1(y) ≥ (kλ1 + ε)y, ∀y ≥ R′.

Let

C = max
0≤y≤R′,n∈[a,b]

|f(n, y)− (kλ1 + ε)y|+ max
0≤y≤R′

|f1(y)− (kλ1 + ε)y|+ 1,

then, it is obvious that

f(n, y) ≥ (kλ1 + ε)y − c, ∀n ∈ [a, b],y ≥ 0, (2.31)

f1(y) ≥ (kλ1 + ε)y − c, ∀ y ≥ 0. (2.32)

We now prove that there exists R1 ≥ R′ such that H(t, y) 6= y for any 0 ≤ t ≤ 1 and

y ∈ K,‖y‖ ≥ R1. In fact, if 0 ≤ t0 ≤ 1 and y1 ∈ K satisfying H(t0, y1) = y1, then

using (2.31) and (2.32), it is analogous to the argument of (2.19) and (2.20) that

λ1

b∑
n=a

φ1(n)y1(n) =
b∑

n=a

[(1− t0)f(n, y1(n)) + t0f1(y1(n))]φ1(n)

≥
b−1∑
n=a

[(1− t0)f(n, y1(n)) + t0f1(y1(n))]φ1(n)

≥
b−1∑
n=a

{(1− t0)[(kλ1 + ε)y1(n)− c] + t0[(kλ1 + ε)y1(n)

−c]}φ1(n)

=
b−1∑
n=a

[(kλ1 + ε)y1(n)− c]φ1(n)

≥ (λ1 +
ε

k
)kσ‖y1‖

b−1∑
n=a

φ1(n)− c
b−1∑
n=a

φ1(n) (2.33)

λ1

b∑
n=a

φ1(n)y1(n) ≤ λ1‖y1‖
b∑

n=a

φ1(n)



≤ λ1‖y1‖kσ
b−1∑
n=a

φ1(n). (2.34)

(2.33) and (2.34) lead to ‖y1‖ ≤
c

εσ
= R̃1. Let R1 = max{R′, R̃1}+ 1.

We obtain

i(Φ,KR1 ,K) = i(H(0, ·),KR1 ,K)

= i(H(1, ·),KR1 ,K)

= i(Φ1,KR1 ,K)

= 0. (2.35)

Use (2.30) and (2.35) to conclude that

i(Φ,KR1\Kr1 ,K) = −1.

Therefore Φ has a fixed point in KR1\Kr1 .

Corollary. Using the following (H6) or (H7) instead of (H4) or (H5) the conclusion

of Theorem 2.1 and Theorem 2.2 are true. For all n ∈ [a, b],

(H6) lim
v→0+

f(n, v)

v
= +∞, lim

v→+∞

f(n, v)

v
= 0 (sublinear);

(H7) lim
v→0+

f(n, v)

v
= 0, lim

v→+∞

f(n, v)

v
= +∞ (superlinear).
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