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1 Introduction

We investigate the existence of positive solutions for the boundary value problems

of a second order difference equation of the form

—Alp(n —1)Ay(n — 1)] +q(n)y(n) = f(n,y(n)), n € [a,b],
ay(a —1) — By (a —1) =0, (1.1)
vy(b) + 6y1¥(b) = 0,

where a,b (b > a + 1) are integers and [a, b] denote the discrete set {a,a + 1,...,b}.
As usual, A denotes the forward difference operator and the quasi A - derivative of
y(n) defined by

y®(n) = p(n)Ay(n).

We will assume that the following conditions are satisfied.

(H1) p(n) >0, g(n) >0.



(H2) o, 5,7,6 >0, a+5>0, v+ >0;
if g(n) =0 (a <n <b), then a + v > 0.

(H3) f:[a,b] x R — R is continuous with respect to y and f(n,y) > 0 for

y € RT, where R" denotes the set of nonnegative real numbers.
In this paper, we shall use a fixed point index theorem in cones to investigate the

existence of positive solutions to BVP (1.1).

2 Main Theorems

Denote by ¢(n) and ¥ (n) the solutions of the corresponding homogeneous equation

—Alp(n —1)Ay(n —1)] +q(n)y(n) =0, n € [a,b], (2.1)
under the initial conditions

pla—1) =3, ¢"la—1)=aq; (2:2)

U(b) =4, YEIb) = . (2.3)
Define the number D by

D = ay(a—1) = B (a — 1) = yp(b) + 50121 (D). (24)

Using the initial conditions (2.2) and (2.3), we can deduce from equation (2.1) for

©(n) and 1 (n) the following equations:

n—1 1 n—1 [n—1 1 b

p(n) =6+ ak;H O ; k; o) q(7)p(7). (2.5)
-1 q b=l 1 ]

P(n) =0+ 7&@ + T:Zn;l l;z m q(T)(7). (2.6)

(See [1].) Let G(n,s) be the Green’s function for the boundary value problem

—Alp(n —1)Ay(n — 1)) + g(n)y(n) =0, n € [a,b],
ay(a—1) = Byl (a — 1) =0,
Yy (b) + 6y (b) = 0,

is given by



p(n)i(s), a—1<n<s<b+l,

G(n,s) = (2.7)

S|~

e(s)Y(n), a—1<s<n<b+]1

where ¢(n) and ¥ (n) are given in (2.5) and (2.6), respectively, and it is obvious from
(H2) that D > 0 holds.

Suppose that y(n) is a solution of the BVP (1.1), then it could be expressed as

b

y(n) = ZG(n, s)f(s,y(s)), a<n<b. (2.8)

S=a

Furthermore, a solution y(n) of (1.1) is called a positive solution if y(n) > 0 for
n € |a,b)].

Lemma 2.1 ( See [1].) Assume that condition (H2) is satisfied. Then :
(1) 0 < G(n,s) < G(s,s) forn,s € [a—1,b] ;
(ii) G(n,s) > oG(s,s) forn € [a,b—1] and s € [a — 1,b],
where
o =min{l, s} (2.9)

mn which
[1:{ﬁ+p(aa— 1)}{ O‘kii:;p +§L§p(1k1 T>}_17
o {5+M}{ | & pU] q<7>w<7>}_1.

Note that the number ¢ defined by (2.9) satisfies the inequalities 0 < o < 1.

3

Lemma 2.2 (See [2,3,4,5].) Assume that B is a Banach space, and IKC C B is a cone
in B. Let K, = {y € K : |ly|| < p}. Furthermore, assume that ® : K — K is a
compact map and Py # y fory € 0K, = {y € K : ||ly|| = p}. Then one has the
following conclusions:

1. If ly|| < ||@y|| for y € OK,, then i(®, K,, K) = 0;

2. If [ly|| = ||®y|| fory € OK,, then i(P, K, K) = 1.



Let IC be a cone in the b — a + 1 dimensional real Banach space B of real-valued

functions y(n) defined on [a, b] by

K={yeB: min y(n)>o|yl},

a<n<b—1

where ||y|| == max ly(n)| and o is defined by (2.9).

Define an operator ® : K — IC by
b

(Py)(n) =D G(n,s)f(s.y(s)), a<n<b (2.10)

S=a

Lemma 2.3 ¢(K) C K.

Proof. It follows from the definition of K and Lemma 2.1 that

b

min (69)(n) = min 3" Gn.3)f(s,y(s)

a<n<b—1

which implies ®(K) C K.

Lemma 2.4 ¢ : K — K is completely continuous.

Lemma 2.5 If
lim f(n.v) =00 and lim f(n,v) = 00, (2.11)
v—0F v v—+00 v

for all n € [a,b], then there exist 0 < ry < Ry < oo such that i(®,IC,.,K) = 0 for
0<r<ryandi(®,Kg,K)=0 for R> Ry.
Proof. Choose M > 0 such that
b—1
o*M > G(s,s) > 1. (2.12)

s=a

By using the first equality of (2.11) we can choose 9 > 0 such that



fn,v) > Mv, 0<wv<ry,

If u e K, (0 <r <rg), then for ng € [a,b— 1], we obtain

(@) n0) = 3 Gl 5)S(5,4(5)
> 53 G5, )£ (5,9(5))

S=a

b—1

> oM 2:: G(s,s)y(s)

b—1

> o[y M Y Gls. s)

> lyll-

This leads to
[yl > llyll, Vy € IK,.

Thus we have from Lemma 2.2 i(®,K,, ) =0, for 0 < r < ry. On the other hand,
the second equality of (2.11) implies that for every M > 0, there is an Ry > 1 such
that

f(n,v) > Mv, v > oRy; (2.13)

here we choose M > 0 satisfying (2.12). For y € 0Kg, R > Ry, we have from the
definition of g that

y(n) > ollyl =R, n € [a,b—1].

Thus we have from (2.13) that

b

(Py)(no) = >_ G(no,s)f(s,y(s))

S=a

b—1

>0 Y G(s, ) f(s,y(s))

S=a

b—1
> 0?MRY_ G(s,s)

s=a



> R = [lyll;
which leads to
[@yll > llyll, vy € OKg.
Thus i(®, Kg, £) =0 for R > Ry. The proof is completed.
In the next theorem we will also assume the following condition on f(n,v).

(H4) 1i%l+ inf m[i%] M > kA, lim sup max M < gy
v— neEla, v v—

+oo néela,b] v

where k > 0 is large enough such that

kaz;: 1(n) > Z P1(n),

n=a

and ¢ > 0 is small enough such that
b—1 b
o di(n) =g di(n);

where ¢1(n) ( ¢1(n) > 0,n € [a,b]) is the eigenfunction related to the smallest

eigenvalue \; (A\; > 0) of the eigenvalue problem
—Alp(n = 1)A¢1(n — 1)] + g(n)¢r(n) = Agy(n),

agi(a—1) — BN (a—1) =0, ~é1(b) + 361 (b) = 0.

Theorem 2.1 Assume that conditions (H1)-(H4) are satisfied. Then the BVP (1.1)

has at least one positive solution.

Proof. Fix 0 <m <1 <my and let fi(y) = y™ +y™ for y > 0. Then fi(y) satisfies
(2.11). Define @, : K — K by
b
(@1y)(n) =D G(n,5)fi(y(s)), a<n<b (2.14)

S=a

Then by using Lemma 2.5, we conclude that there exist 0 < ry < Ry < 00, such that
0 < r <1 implies i(Pq, K, K) =0, (2.15)

and



R > Ry implies i(®1, g, K) = 0. (2.16)

Define H : [0,1] x K — K by H(t,y) = (1 — t)®y + tPyy, then H is a completely
continuous operator. By the first inequality in (H4) and the definition of f;, there
are ¢ > 0 and 0 < r; < ry such that

f(n,y) > (kA +e)y, Yn€la,b],0<y<r, (2.17)
Lly) > (kM +e)y, VO0<y <.

We now prove that H(t,y) # y for all ¢ € [0,1] and y € OK,,. In fact if there exists
to € [0,1] and y; € OK,, such that H(ty,y1) = y1, then y;(n) satisfies the equation

—Alp(n—1)Ay1(n—=1)]4+q(n)y1(n) = (1=to) f(n, 1 (n)+tofi(yi(n)), a<n<b

and the boundary condition. Multiplying the last equation by ¢1(n) and then sum-
ming it from a to b, using summation by parts in the left hand side two times, we
get that

A1 Z:: ¢1(n)y1(n) = ;[(1 —to) f(n,y1(n)) +tofi(yi(n))]é1(n) (2.18)
b—1
> z::[(l —to) f(n,y1(n)) + tofi(yi(n))]e1(n),

we obtain from (2.17) that

> z:: (1 —to) (kA1 + €)yr(n) + to(kA + €)yr(n)]é1(n)
)\1 + k Z ¢1

> (M + kol Z ¢1(n

> (M + Myl Z P1(n (2.19)

We also have

b

MY du(n)yi(n) < Ayl 2:: ¢1(n). (2.20)

n=a



Which together with (2.19) leads to
£
A1 > A+ T

This is impossible. Thus H(t,y) # y for y € JK,, and t € [0,1] . By (2.15) and the

homotopy invariance of the fixed point index (see [6] ), we get that
(P, K., K) =i(H(0,-),K,,K)
=i(H(1,-),K,,K)
=i(®q, K, K)
= 0. (2.21)

On the other hand, according to the second inequality of (H4), there exist ¢ > 0 and
R > R, such that

f(n,y) <(gh —¢€)y, y> R and n € [a,b].

Set
C = ndpax |f(n,y) — (gA\1 — €)y| + 1, then we deduce that
f(ny) < (@M —e)y+C, y=0andn € [ab]. (2.22)

Define H; : [0,1] x K — K by Hy(t,y) = tPy, then H; is a completely continuous

operator.

We now prove that there exists Ry > R’ such that Hy(t,y) # y for any 0 <t < 1 and
y €K, |lyl| > Ry. In fact, if 0 <o < 1 and y; € K satisfy Hi(tg,y1) = y1, then

M g yi(n)¢i(n) < 2:: f(n,y1(n))d1(n)

< q(h — ;>||y1|| > 61(n) +C 3 6(n), (2.23)

n=a

and

MY (m)or(m) = A X a(n)én(n)



b—1
> Moyl Y- éi(n)

b—1

> Mgl | X_: ¢1(n),

Combining (2.23) with (2.24), we have

C -
||yl|| < g = R.

Hence if
Ry = max{ R/, ]%1} +1
then we have that
Hi(t,y) #yfort € [0,1] ,y € K, |yl = Ra.
Therefore we have by the homotopy invariance of the fixed point index
(P, K, K) =i(Hy(1,-),Kg,, K)
= i(H1(0, ), Kr,, K)
=1i(0,Kg,,K)
=1,
where © is zero operator . Use (2.21) and (2.25) to conclude that
(P, Cr,\K,, K) = i(P, g, , K) —i(P, L, ,K)=1—-0=1.
Therefore ® has a fixed point in (ICg, \C,,).

(H5) lim sup max J(n.v)

v—0t né€la,b) v

< q>\17

lim inf min M
v—-+00 nela,b) v

> k.

(2.24)

(2.25)

Theorem 2.2 Assume that conditions (H1)-(H3) and (H5) are satisfied. Then the

BVP (1.1) has at least one positive solution.



Proof. Define H, : [0,1] x K — K by Hy(t,y) = t®Py, then H; is a completely
continuous operator. By the first inequality in (H5), there exist ¢ > 0 and 7 :
0 < r1 < rg such that

f(n,v) < (g1 —e)v, VYn € la,b], 0 <v <. (2.26)

We now prove that Hy(t,y) #y for 0 <t <1 and y € OK,,. In fact, if there exists
0 <ty <1andy € 0K, such that Hi(ty,y1) = v1, then the y;(n) satisfy the

boundary condition.
—Alp(n = 1)Ayi(n — 1]+ q(n)y1(n) = tof(n, y1(n)), Vn € [a,b].

Multiplying the last equality by ¢;(n) and summing from a to b, , we see that

b b

MY y(n)gi(n) =to Y f(n,yi(n))di(n) (2.27)

n=a n=a

b

<Y f(n,y(n))¢i(n)

n=a

< (0 =Dl X () (2.28)

and

b

MY n(m)éi(n) > A z 1 (n)r (n)

n=a

b—1
> Mollyi|l 3 é1(n)

> Ml 3610, (2:20
which together with (2.28) lead to
Mg < A — €.
This is impossible. Using homotopy invariance of the fixed point index, we have that
i(®, K., K) = i(H,(0,-),K,,,K)

=i(6,K,,,K)



= 1. (2.30)

Define H : [0,1] x K — K by H(t,y) = (1 — t)®y + tPyy, then H is a completely
continuous operator. By the second inequality in (H5) and the definition of f;, there
exist € > 0 and R’ > R, such that

f(n,y) > (kM +e)y, Vnelab,y>R,
fily) > (kM +¢e)y, Vy>R.
Let

C = o<y (o] |f(n,y) — (kM +e)y| + omax, |f1(y) — (kA +e)y| + 1,

then, it is obvious that
fny) = (kA +e)y—c, Vn€la,bly =0, (2.31)
fily) = (BA+e)y—c, Vy=0. (2.32)

We now prove that there exists Ry > R’ such that H(t,y) # y for any 0 <t <1 and
y € K|lyll > Ry. In fact, if 0 < ¢y < 1 and y; € K satisfying H(to,71) = y1, then
using (2.31) and (2.32), it is analogous to the argument of (2.19) and (2.20) that

MY di(n)yi(n) = Z::[(l = t0)f(n,y1(n)) + tofi(y1(n))]¢1(n)

n=a n=a

b—1

> > [(1—to) f(n,91(n)) + tofr(y1(n))]dr(n)

= Y [(kX 4+ e)yr(n) — cJpi(n)

n=a

> (1 + Dol X o) = ¢ X on(m) (239

b

ALY er(n)yi(n) < Mllyll ; ¢1(n)

n=a



b—1
< Mllyillko Z ¢1(n). (2.34)

(2.33) and (2.34) lead to ||| < é — Ry Let R, = max{R/, &, } + 1.
We obtain
(D, Kp,, K) =1(H(0,-),Kg,,K)
= i(H(1,-),Kg,, K)
=i(P1,Kp,, K)
— 0. (2.35)
Use (2.30) and (2.35) to conclude that
i(D, Kr\K, K) = —1.

Therefore ® has a fixed point in Kg,\/C,,.

Corollary. Using the following (H6) or (H7) instead of (H4) or (H5) the conclusion
of Theorem 2.1 and Theorem 2.2 are true. For all n € [a, b],

N L0 DN ()
v—0Tt v v——+00 v

(H6) =0 (sublinear);

(H7) lim f(n, ) =0, lim f(n, ) = 400 (superlinear).

v—0t v v—+00 v
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